We describe a new way to model deletions on formal languages, called deletion along trajectories. We examine its closure properties, and show that it serves as an inverse to shuffle on trajectories, recently introduced by Mateescu et al. This leads to results on the decidability of equations of the form Ä Ì Ê, where Ä Ê are regular languages and is unknown.
Introduction
Shuffle on trajectories, defined by Mateescu et al. [16] unifies operations which insert symbols of one word into another (see Section 2 for definitions). Among those operations in the literature generalized by shuffle on trajectory are concatenation, reverse and bi-concatenation, arbitrary, literal and perfect shuffles, and many others. This formalism has proven to be very powerful, and much work has recently been done on shuffle along trajectories (see, e.g., [4, 18, 19] ).
Concurrent to this research, Kari and others [10, 11] have done research into the inverses of insertion-and shuffle-like operations, which have yielded decidability results for equations such as Ä Ê where Ä Ê are regular languages and is unknown. The inverses of insertion-and shuffle-like operations are deletion-based operations such as deletion, quotient, scattered deletion and bi-polar deletion [10] .
In this paper, we introduce the notion of deletion along trajectories, which is the equivalent of shuffle along trajectories for deletion-based operations. We show how it unifies operations such as deletion, quotient, scattered deletion and others. We also show how each shuffle operation based on a set of trajectories Ì has an inverse operation (both right and left inverse, see Section 5), defined by a deletion along a renaming of Ì . This yields the result that it is decidable whether equations of the form Ä Ì Ê for regular languages Ä Ì and Ê has a solution .
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Definitions
For additional background in formal languages and automata theory, please see Yu [25] . Let 
We extend shuffle on trajectories to sets Ì ¼ ½ £ of trajectories as follows:
We now give our main definition, which models deletion operations with the addition of a set of trajectories. Let Ü Ý ¾ ¦ £ be strings with Ü Ü ¼ , Ý Ý ¼ ( ¾ ¦). Let Ø be a string over such that Ø Ø ¼ with ¾ . Then we define Ü Ø Ý as follows:
We extend this to languages as expected: Let Ä ½ Ä ¾ ¦ £ and Ì £ . Then
Note that Ì is not an associative operation on languages. Also, we note the difference of deletion on trajectories from the operation splicing on routes defined by Mateescu [15] , which is a generalization of shuffle on trajectories which allows discarding symbols from either input word. In splicing on routes, the operation is always associative, and deletions may be made from either word without any co-ordination with the other word involved. We consider the following examples of deletion along trajectories:
(a) if Ì £ £ , then Ì , the right-quotient operation;
, the deletion operation (see, e.g., Kari [9, 10] ); Proof. We first note the following identity:
Thus, if we take any non-regular (linear) CFL Ä, we can establish (a).
For (b), we take the following languages:
Note that Ä ¾ is a non-regular (linear) CFL. With these languages, we get that Ä ½ Ì Ä ¾ Ä ¾ ¯ ¾ , which is non-regular. Finally, to establish part (c), we take
We note that Ì is a non-regular linear CFL, and that
This establishes the theorem.
In Section 4, we discuss non-regular sets of trajectories which preserve regularity. We have the following characterization of deletion along trajectories: Note that the closure of cones under quotient with regular sets [7, Thm. 11.3 ] is a specific instance of Corollary 3.4. We also note that the CFLs are a cone, thus we have the following corollary (a direct construction is also possible): We also have the following result:
Note that Ä ½ Ì are indeed CFLs. Then we can verify that
We have one final case to deal with:
Then we can verify that Ä ½ Ì Ä ¾ is the non-CF language
This completes the proof.
Note that the context-sensitive languages (CSLs) are not a cone, since they are not closed under arbitrary morphism. Thus, Corollary 3.4 does not apply to the CSLs. We now construct an example demonstrating non-closure of the CSLs under deletion of a regular language along a regular set of trajectories.
This construction is similar to one used by Daley and Kari [2, Prop. 2.4]. We will require the following theorem (see Salomaa [22] 
However, in this section, we note that the same result does not hold if we replace "shuffle on trajectories" by "deletion along trajectories". In particular, we demonstrate a class of non-regular sets of trajectories such that for all regular languages Ä ½ Ä ¾ , and for all À ¾ , Ä ½ À Ä ¾ is regular. We also characterize all À £ £ which preserve regularity, and give some examples of non-CF trajectories which preserve regularity.
As motivation, we begin with a basic example. Let ¦ be an alphabet. Let À Ò Ò Ò ¼ .
Note that
Ä ½ À Ä ¾ Ü ¾ ¦ £ Ý ¾ Ä ¾ such that ÜÝ ¾ Ä ½ and Ü Ý We can establish directly (by constructing an NFA) that for all regular languages Ä ½ Ä ¾ ¦ £ , the language Ä ½ À Ä ¾ is regular. However, À is a non-regular CFL.
Remark that Ä ½ À Ä ¾ is similar to proportional removals studied by Stearns and Hartmanis [24] , Seiferas and McNaughton [23] , Kosaraju [13, 12] , Kozen [14] , Zhang [26] , the author [3] and others. In particular, we note the case of Recall that a set is ultimately periodic (or simply u. Thus, we note that there are non-CF trajectories which preserve regularity. We can repeat the above arguments for right-inverses instead of left-inverses. In all cases, the proofs are similar to those of the previous section. Thus, we simply state the results: 
Deletion as an Inverse of Shuffle on Trajectories
Ù ¼ ¾ Û ¼ ´Ø ¼ µ Ú ¼ Let ¼ ´ µ. We have two cases: (a) if ¼, then Ú Ú ¼ and Ù Ù ¼ . Thus ¼ and Û ´Øµ Úµ ´ Û ¼ ¼ ´Ø ¼ µ Ú ¼ µ ´Û ¼ ´Ø ¼ µ Ú ¼ µ ¿ Ù ¼ Ù (b) If ½, then Ù Ù ¼ and Ú Ú ¼ . Thus ¼ and Û ´Øµ Úµ ´ Û ¼ ¼ ´Ø ¼ µ Ú ¼ µ ´Û ¼ ´Ø ¼ µ Ú ¼ µ ¿ Ù ¼ ÙÙ ¼ ¾´Û ¼ Ø ¼ Ú ¼ µ By induction, Û ¼ ¾ Ù ¼ Ø Ú ¼ We again have two cases: (a) if ¼, then ´ µ . Then necessarily Ù Ù ¼ , Ú ¼ Ú. Thuś Ù Ø Úµ ´ Ù ¼ Ø ¼ Ú ¼ µ ´Ù ¼ Ø ¼ Ú ¼ µ ¿ Û ¼ Û (b) if ½, Then ´ µ . Then we have that Ù Ù ¼ and Ú Ú ¼ . Thuś Ù Ø Úµ ´Ù ¼ Ø ¼ Ú ¼ µ ´Ù ¼ Ø ¼ Ú ¼ µ ¿ Û ¼ Û Thus Û ¾ Ù Ø Ú.
Solving Ü Ì Ä Ê
In this section, we briefly address the problem of finding solutions to equations of the form
where Ì is a fixed regular set of trajectories, Ä Ê are regular languages, and Ü is an unknown word. This is a generalization of the results of Kari [10] . . We have two cases: 
In this section, we are concerned with decidability of the existence of solutions to the equation
where Ü is a string in ¦ £ , and Ä Ê Ì are regular languages. Equations of this form have previously been considered by Kari [10] . Our constructions generalize those of Kari directly. 
Recognizing Deletion Along Trajectories
We now consider the problem of giving a monoid recognizing deletion along trajectories. For a background on recognition of formal languages by monoids, please consult Pin [21] . A monoid is a semigroup with unit element. Let Ä ¦ £ be a language. We say that a monoid Å recognizes Ä if there exists a morphism ³ ¦ £ Å and a subset Å such that Ä ³ ½´ µ.
The following is a characterization of the regular languages due to Kleene (see, e.g., Pin [21, p. 17 
Conclusion
We have defined deletion along trajectories, and examined its closure properties. Deletion along trajectories is shown to be a useful generalization of many deletion-based operations which have been studied in the literature. The closure properties of differ from that of shuffle on trajectories in that there exist non-regular and non-CF sets of trajectories which define operations which preserve regularity.
We have also demonstrated that deletion along trajectories constitutes an elegant inverse to shuffle along trajectories operations. This leads to positive decidability results for equations involving shuffle on trajectories and deletion along trajectories.
